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Tests for the cointegrating rank of a vector autoregressive process are considered that allow for
possible exogenous shifts in the mean of the data-generation process. The break points are assumed
to be known a priori. It is proposed to estimate and remove the deterministic terms such as mean,
linear-trend term, and a shift in a first step. Then systems cointegration tests are applied to the
adjusted series. The resulting tests are shown to have known limiting null distributions that are free
of nuisance parameters and do not depend on the break point. The tests are applied for analyzing
the number of cointegrating relations in two German money-demand systems.

KEY WORDS: Cointegration; Money-demand analysis; Testing for cointegration; Vector autore-

gressive process.

Many economic time series exhibit breaks or shifts in
their levels that are not consistent with standard types of
data-generation processes (DGP’s). Such breaks are often
caused by exogenous events that have occurred during the
observation period. For example, the German unification
has caused shifts in several macroeconomic time series such
as gross national product (GNP) and measures of the money
stock. In this example the timing and the reasons for the
shifts are known. In other situations, neither the timing nor
whether a shift actually has occurred are known at the out-
set of an analysis.

Corresponding to the various types of structural changes
and problems related to them, there is an extensive litera-
ture dealing with the consequences of structural shifts for
estimation and testing procedures in univariate and multi-
variate time series models as well as in regression mod-
els for time series variables [e.g., see Hackl and Westlund
(1989) for a large number of references to the earlier liter-
ature]. In particular, in many studies testing for unit roots
and breaks in univariate time series is considered. Exam-
ples are Perron (1989, 1990), Perron and Vogelsang (1992),
Rappoport and Reichlin (1989), Zivot and Andrews (1992),
Banerjee, Lumsdaine, and Stock (1992), Amsler and Lee
(1995), and Ghysels and Perron (1996) to name just a few.
In these works, different assumptions regarding the DGP
are made. For instance, the break point may be known or
unknown, it may be a shift in the level of a series, or it
may be a break in the deterministic trend component. Struc-
tural shifts in the context of cointegration analysis were
considered, for example, by Quintos (1998), Seo (1998),
Hansen (1992), Gregory and Hansen (1996), Campos, Er-
icsson, and Hendry (1996), Johansen and Nielsen (1993),
and Inoue (1999), among others. Quintos and Seo focused
on changes in the cointegration or adjustment parameters,
whereas Hansen, Gregory and Hansen, and Campos et al.
discussed tests for cointegration in a single-equation frame-
work. In contrast, Johansen and Nielsen (1993) studied the

consequences of structural breaks in a systems context and
derived likelihood ratio (LR) tests for the number of cointe-
grating relations in a system of variables. Inoue (1999) also
considered testing for the cointegrating rank of a system.
He assumed, however, that the break is present under the
alternative only.

The overall message from these studies is that structural
breaks can distort standard inference procedures substan-
tially and, hence, it is necessary to make appropriate ad-
justments if structural shifts are known to have occurred or
are suspected. If there is just one break point in the observa-
tion period, it may be tempting to analyze the two regimes
before and after the shift separately. This may, however, re-
sult in a substantial loss in efficiency and/or power. There-
fore, procedures that take structural changes into account
by adjusting the inference methods are often preferable to
eliminating parts of the sample.

In this study we will consider the problem of how to
test for the number of cointegrating relations in a system
of variables if some of them have a shift in the mean at a
known time point. This situation is relevant, for instance, in
the aforementioned case of German data if the sampling pe-
riod covers the German unification. Assuming that the DGP
is a finite-order vector autoregressive (VAR) process with a
shift in the mean, tests for the number of cointegrating rela-
tions will be proposed with an asymptotic null distribution
that is free of nuisance parameters and does not depend on
where the break point has occurred. In contrast to the as-
sumption of Inoue (1999), the shift is allowed to be present
both under the null and under the alternative hypothesis.
The fact that the null distribution does not depend on the
break point contrasts with the tests analyzed by Johansen
and Nielsen (1993), whose asymptotic null distribution de-
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pends on when the shift has occurred. If the break point
is assumed to be known, this does not necessarily mean
that the tests depend on unknown nuisance parameters. It
means, however, that new critical values have to be ob-
tained for each specific situation. Even if just a few new ob-
servations become available, generating new critical values
will generally be necessary to perform the tests. In contrast,
the tests proposed in the following have a known asymp-
totic distribution that does not depend on the break date
so that no new simulations are required. Tables with crit-
ical values are available elsewhere in the literature. More-
over, our tests can be adopted for time series with more
than one shift in the mean or to series with single outlying
observations.

The idea underlying our new tests is to estimate and re-
move the deterministic parts including the shifts in a first
step and then perform a test for the cointegrating rank on
the adjusted series. The deterministic part of the DGP may,
in fact, include a linear time trend in addition to shifts in
the mean term. Similar ideas were used by Amsler and Lee
(1995) in unit-root tests in the presence of structural breaks
and by Liitkepohl and Saikkonen (2000) and Saikkonen
and Liitkepohl (in press) to construct tests for VAR pro-
cesses with deterministic linear trends and without struc-
tural shifts. Because we will refer to the latter two articles
several times in the following, we will abbreviate them as
L&S and S&L, respectively.

The structure of the article is as follows. In Section 1, the
DGP is precisely specified and the assumptions underlying
our analysis are laid out. The estimation of the parameters
of the deterministic parts is discussed in Section 2, and the
cointegration tests are presented in Section 3. A simulation
study exploring the small-sample properties of our new tests
is described in Section 4, and examples based on German
macro data are given in Section 5. Conclusions follow in
Section 6. The proofs of our theorems are provided in Ap-
pendix A, and the sources of the data used in the empirical
example are given in Appendix B.

The following general notation is used. The lag and dif-
ferencing operators are denoted by L and A, respectively;
that is, for a time series or stochastic process y; we have
Ly; = y;—1 and Ay; = y: — ys—1. The symbol I(d) de-
notes an integrated process of order d; that is, the process
is stationary or asymptotically stationary after differencing
d times but it is still nonstationary after differencing just
d — 1 times. Convergence in distribution or weak conver-
gence is signified by < The trace and the rank of the ma-
trix A are denoted by tr(A) and rk(A), respectively. More-
over, || - || denotes the Euclidean norm. If A is an (n x m)
matrix of full column rank (n > m), we denote an orthog-
onal complement by A, so that A, is an (n x (n — m))
matrix of full column rank and such that A’A; = 0. The
orthogonal complement of a nonsingular square matrix is
0, and the orthogonal complement of a zero matrix is an
identity matrix of suitable dimension. An (n x n) identity
matrix is denoted by I,,. LS, GLS, and RR are used to abbre-
viate least squares, generalized least squares, and reduced
rank, respectively. LR and LM tests are short for likelihood
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ratio and Lagrange multiplier tests. DGP stands for data-
generation process, and ECM abbreviates error-correction
model. A sum is defined to be 0O if the lower bound of the
summation index exceeds the upper bound.

1. THE MODEL

Suppose an observed n-dimensional time series y; =
(y1ts---,ynt)’ (¢ =1,...,T) is generated by the following
mechanism:

Yt = po + pat + dodos + d1d1¢ + x4,
t=1,2,..., (1.1)

where ; and §; (¢ = 0, 1) are unknown (n x 1) parameter
vectors and dy; and d;; are dummy variables defined as

1, t=1Tp
dot = (1.2)
0, t#Tp
and
0, t<T
dit = (1.3)
1, t>T)

that is, do; is an impulse dummy and dy; is a step dummy
variable. The associated terms allow taking into account
sudden changes in the mean of the process that occur, for
instance, in German macroeconomic time series at the time
of the reunification.

The term z; is an unobservable error process that is as-
sumed to have a VAR(p) representation,

Tt =A1$L't_1 +"'+Ap(l)t_p+€t, t= 1,2,.... (14)

Here the A; are (n x n) coefficient matrices and, for sim-
plicity, we assume that z; = 0 for ¢ < 0 and &; ~ NID(0, Q);
that is, the ¢; are independent, identically distributed (iid)
Gaussian vectors with zero mean and covariance matrix 2.
The normality assumption is made here for convenience
although it could be replaced by an iid assumption and suf-
ficient moment conditions. The assumption regarding the
initial values is also a convenient simplification. The asymp-
totic results derived later remain valid if the initial val-
ues are assumed to be from a fixed probability distribution
that does not depend on the sample size. The usual error-
correction form of (1.4), obtained by subtracting z;_; from
both sides of (1.4) and rearranging terms, is given by

p—1
Azy =Tz +» TjAzj+e, t=12,..., (L5)
j=1
where 1= —(I,—A;1—---—Ap)and T'; = —(Aj41+---+
Ap) (j=1,...,p—1) are (n x n) matrices.

We assume that z; is at most I(1) and cointegrated with
cointegrating rank r. This implies in particular that the
Granger representation theorem of Johansen (1995, chap.
4) is assumed to hold. Hence, the matrix II can be written
as

0=ap, (1.6)
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where o and  are (n x r) matrices of full-column rank. As
is well known, 3'z; and Az, are then zero mean (asymp-
totically) stationary processes. Moreover, defining

p—1
V=1, —T1— - —Tp1 =T+ Y jAin
j=1

and C = 3, (o, ¥6,) '/, we have

t
2=CY ei+& t=12,..., (1.7)
j=1

where &, is a zero mean (asymptotically) stationary
process.

Now we consider the dummy variables dg; and d;:. We
assume that the values of the integers Ty and T are known
a priori and, if y; is observed for t = 1,..., T, then Tp < T
and T} < T. The case Tp = T is possible unless Ty = 171 =
T. We exclude this latter possibility by assuming 77 < T'—p.
It is also convenient to assume that Ty > p and 7 > p and,
furthermore, that

. T
lim — =a;
T— 00

with 0<a; <1 (1.8)

In other words, the break point 77 may be thought of as
occurring at a fixed proportion of the full sample size even
if an asymptotic analysis is performed where T — co. Al-
ternatively, the break may be viewed as having occurred
a fixed number of periods before the end of the sample
period. In the latter case, a; = 1. These assumptions for
the integers Ty and T3 are not restrictive from a practical
point of view. This is obvious for the aforementioned in-
equalities. Condition (1.8) may look somewhat restrictive
because it implies that the jump in the dummy d;; is not
allowed to take place at the beginning of the sample so that,
for example, 77 would be only slightly larger than p. This
would mean that the parameters uy and §; would become
asymptotically indistinguishable. This problem can readily
be handled by redefining d;;, however, so that it takes the
value 1 for ¢t < 77 and O for ¢t > T;. Then the inequalities
in (1.8) should be changed to 0 < a; < 1, and it is easy to
see that our subsequent derivations apply with only minor
and fairly obvious modifications. In summary, the preced-
ing discussion shows that the jump in the dummy variable
dy; can also take place at the beginning or at the end of
the sample but, for ease of exposition, we exclude one of
these two possibilities. Thus, our assumptions about the in-
tegers Tp and 7 are quite general and weaker than in some
previous studies in which condition (1.8) is required with
0 < a7 < 1. Finally, note that we assume for convenience
and for expository purposes that there is just one impulse
dummy dy; and one step dummy dy;. It is not difficult to see
that our results can be adapted to models with any number
of (linearly independent) impulse dummies and step. dum-
mies. Moreover, our results can easily be modified to the
case in which the model contains only step dummies or im-
pulse dummies. It is also possible to exclude the trend term
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from the model; that is, y; = 0 may be assumed a priori.
This case will be briefly discussed later on.

For our analysis, it is convenient to define the lag poly-
nomial

AL) = I, — AyL — - — A LP
= I,A-TIL-T4AL—--- =T, ;ALP"" (1.9)

and notice that the relation between the two representations
is given by
A = I+aof +T
Aj - F] —_ Fj—ly
A, =

i=2,...,p—1

(1.10)

_Fp—la
where II is expressed as in (1.6). Multiplying (1.1) by A(L)
yields

p—1
Ay = vo+vit + 1y, + ZF]‘Ayt—j + dodot
=1

P p—1
=Y " Ajbodosj + 61Ady — Y T;61Ad1,;

j=1 j=1

_H(Sldl,t—l + &t t:p+1ap+27""

where vy = —TTpg + (¥ + )y, and v; = —IIy;. To be able
to write this model in a simpler form, define

8o, j=0
%r_{—@%,sz”wp
and
5,  j=0
7”={—n&,j=Lm

Using (1.6), we can then write

Ayr=v+a(By1 —7(t—1) = 0d1i1)

ap_]- ‘

p—1 P p—1
+ ZFjAyt—j + Z’YOjdo,t—j + Z’thdl,t-j + &,
j=1 Jj=0 j=0
t=p+1,p+2,..., (1.11)

where v = —Ilug + Yu1,7 = B'u1, and 6 = F'6;. Notice
that here Ad,;_; is an impulse dummy, which takes the
value 1 at t = T7 + j and O elsewhere.

Equation (1.11) specifies an ECM for the observed series
y+. We shall use this form of the model to obtain first-stage
estimators for the parameters of the error process xz;—that
is, for a,8,T; (j = 1,...,p — 1), and Q. Some remarks
on the ECM (1.11) and the estimation of its parameters are
therefore in order. Using Equation (1.10) and the defini-
tions, it can first be seen that a conventional RR regression
cannot be used to obtain the ML estimators because there
are nonlinear restrictions between the parameters in (1.11).
To obtain the previously mentioned first-stage estimators,
we shall simply ignore these restrictions. This should not
cause any great loss of efficiency because the restrictions
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occur in coefficient vectors of impulse dummies only. Be-
fore computing the estimators, one should check, however,
that the dummy variables on the right side of (1.11) are lin-
early independent. Because both do; and Ady; are impulse
dummies, it is possible that some impulse dummies appear
twice in (1.11) and can be combined. This, of course, has no
effect on the estimation of the parameters «, 3,T';, and Q2
that are of interest at this point. For simplicity, we assume
that all dummy variables in (1.11) are linearly independent.
The assumption p < T; < T — p guarantees that there can-
not be linear dependencies between the step dummy d; ;1
and the impulse dummies. Such linear dependencies could
be eliminated by excluding impulse dummies so that the
assumption 77 < T — p is actually not needed here. It is
convenient in proving Theorem 2.1, however, and is there-
fore imposed because assuming that 73 < T — p seems
harmless from a practical point of view.

In the framework of our model, we are interested in test-
ing whether the assumption made for the rank of the matrix
IT is correct. In other words, for some prespecified rank ro,
we wish to consider testing the null hypothesis

Ho(’r'o)lrk(l_[) =179 VS. Hl(ro):rk(l'[) > 7. (112)

In this context it turns out to be very useful to make ex-
plicit use of the assumption that the DGP is of the form
(1.1). As will be seen later, it is then possible to obtain tests
with convenient asymptotic properties. As mentioned in the
introduction, our formulation of the model allows us to esti-
mate the deterministic part of the DGP first and then apply
cointegration tests to the process adjusted for determinis-
tic terms. In Section 2, estimators of the parameters of the
deterministic part will be presented, and the cointegration
tests will be considered in Section 3.

2. ESTIMATING THE PARAMETERS OF THE
DETERMINISTIC PART OF THE MODEL

We shall estimate the parameters p; and §; (i = 0,1) in
(1.1) by using a feasible GLS approach similar to that of
S&L. Note that in our model GLS is not equivalent to LS es-
timation of the parameters of the deterministic part despite
the fact that all equations involve the same regressors. The
reason is that the error term x; is autocorrelated and may
in fact consist of integrated components. This means that
LS and GLS are not even asymptotically equivalent (e.g.,
see Xiao and Phillips 1999 and the references therein).

To derive our estimator of the parameters of the deter-
ministic part we define

{ t for
and aq; =

ai =
o { 0 for

Multiplying (1.1) from the left by A(L) gives

1 for t>1
0 for t<0

t>1
t<o

A(L)ys = Hotpro + Hitpr + Kotdo + K1:61 + €4,
t=1,2,..., (1)

where the y; are set to 0 for t < 0, H;;y = A(L)a;, and
K;; = A(L)d;t,i = 0,1. As in S&L, we also define the
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matrix
Q=[01a(c/Q o) V2 ay (o Qoy)V?] (22)

with the property QQ’' = Q~!. Premultiplying (2.1) by Q’
transforms the covariance matrix of the error term to an
identity matrix so that, as required in GLS estimation, we
have a transformation that results in a (multivariate) regres-
sion model with standard properties of the error term.

To make the preceding transformation feasible, suitable
estimators of the parameters o, 8,T; (j = 1,...,p — 1),
and 2 are needed. Such estimators can be obtained by an
RR regression of (1.11) in the way discussed in Section
1. These estimators are denoted by &, 3, fj, and €. Sub-
stituting them for the corresponding theoretical parameters
in (1.10) gives estimators for the coefficient matrices A;.
Denoting these estimators by A;, we can define A(L) =
I, — AL—- — /L,LP and, furthermore, H;; = A(L)ait
and K;; = A(L)d;; (i = 0,1). Note that A(L) satisfies the
cointegrating restrictions. Thus, we are able to construct a
feasible analog of (2.1). Moreover, a suitable estimator of
the matrix @) can be readily obtained by forming &, from
& and replacing 2, o, and o in the definition of @ by their
estimators. If Q is used to denote the resulting estimator
of ), we can finally introduce the multivariate auxiliary
regression model

Q'A(L)yt = Q'ﬁowo + Qlﬁltﬂl + Q,ROt(SO
+ Q' Kubr+m, t=1,....,T. (2.3)

The LS estimators of the parameters u; and §; will be de-
noted by /i; and §; (i = 0,1), respectively. They are used
in Section 3 'to obtain tests for the cointegrating rank. It
is, of course, apparent that the estimator dy that estimates
the coefficient vector of the impulse dummy dy: cannot be
consistent. From S&L it is also clear that the estimator jio
is generally not consistent although it is consistent in the
direction of 3; that is, 3'fio is a consistent estimator of 3’ .
On the basis of this result, it is to be expected that the con-
sistency properties of the estimators ; are similar to those
of fip provided T' — Ty — oo. The asymptotic properties of
the estimators /i; and ¢; are given in the following theorem,
whose proof requires suitable consistency results of the es-
timators &, 3, T;, and Q. These results are first stated in the
following lemma.

Lemma 2.1. Suppose that the assumptions made in Sec-
tion 1 hold and the null hypothesis Hy(ro) is true. Suppose
further that, if (1.8) holds with a; = 1, then T — T; either
tends to infinity or converges to a finite constant. Define
the (infeasible) estimators B,g = 3(¢'3)"" and & = apf'e,
where ¢ = (8'6)7'8'. Then G = B+ O,(T1),6¢ =
a+ OP(T_1/2)7F.7 = F] + OP(T_1/2) (J = 17 ERREY 2 1)9
and Q = Q4 0,(T~1/?).

The lemma is proven in the Appendix. The results are
similar to those one obtains from a model without dummy
variables. They can be used to show that the same consis-
tency properties apply with any normalization of the esti-
mators (cf. Johansen 1995, p. 184). In the present context,
the normalization does not matter, however, because we use
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the estimators & and (3 in situations that are invariant to a
particular normalization. Now we can state the properties
of the estimators of the parameters of the deterministic part
of (1.1). Again the proof is sketched in the Appendix.
Theorem 2.1. Under the conditions of Lemma 2.1,

B (10 — o) = Op(T~?), (2.4)
B (fio — po) = Op(1), 2.5)
do — o = Op(1), (2.6)
B'(81 = 81) = O,((T — T1)™'/?), (2.7
B (61 — 61) = Oy(1), 2.8)
B (fir — ) = Op(T~%/2), 2.9)
and
TY28 (i — 1) 5 N(0,8.CQC'BL).  (2.10)

Here C = (. (¢ L\Ilﬂ )" 'a/, as before and all quantities
converge jointly in distribution on appropriate standardiza-
tion.

The properties of the estimators [ and ji; are entirely
similar to those obtained by S&L, theorem 1. Whereas fi;
is consistent, the same is not true for fig. The latter is con-
sistent only in the direction of 5 and not in the direction of
3. . Even in the direction of 3, , however, the estimator fig
is bounded in probability and this property turns out to be
sufficient for our purposes. As to the estimators (50 and 61,
the obvious inconsistency of the former is implied by (2.6),
while (2.7) and (2.8) show that the asymptotic behavior of
the latter is similar to that of jy when T'— T7 — oo or,
in other words, when information on the parameter ¢; in
the direction of 3 increases with the sample size. A general
conclusion from (2.7) and (2.8) is that the estimator §; is
never consistent in the direction of 3, and it can also be
inconsistent in the direction of 3 if T'— T} does not go to
infinity. As in the case of [ip, from our point of view it is
important that the estimator 4, is bounded in probability,
particularly in the direction of 3,. We will now discuss
how these estimators can be used in constructing tests for
the pair of hypotheses in (1.12).

3. TEST PROCEDURES

When the estimators ji; and §; (i = 0,1) are avail-
able, one can form a sample analog of the series z; as
Ty = y¢ — flo — 1t — dodot — d1d1¢ and use it to obtain
LM-type or LR-type test statistics for the hypothesis Hy(ro)
in the same way as L&S and S&L. The LM-type test statis-
tic requires estimators of the parameters «, 3, and 2. The
RR regression estimators based on (1.11) and discussed in
Section 2 can be used for this purpose. Alternatively, the
LR-type test statistic may be obtained in the same way as
the usual LR test statistic from the feasible counterpart of
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the ECM (1.5); that is, it is determined from
p—1

Ady =TI3_1 + Y T;A%; +ei,
j=1

t=p+1,...,7, (3.1)

where e; is an error term defined explicitly in the Appendix.
The following general formulation discusses LM- and LR-
type test statistics obtained in both of the aforementioned
ways.

Let &, 3, and 2 be any estimators of the parameters «, (5,
and Q, respectively, satisfying the consistency results in
Lemma 1.1. Consider the auxiliary regression model

p—1
&\ Dby =@ 1+ p 01+ Y TjA%_; + @€,
j=1
t=p+1,...,7, (3.2)
where @, = 33,0 = ﬁlzt, and e} = e; — a(ﬁ B) ZTs_1.

The LM-type test statistic of S&L is obtained by forming
the usual LM test statistic of the multivariate linear model
for the null hypothesis p* = 0 in (3.2). If the usual LR test
statistic of the multivariate linear model is used instead, an
asymptotically equivalent test statistic is obtained. In gen-
eral this test statistic is not the LR test statistic based on
(3.1). As shown by Saikkonen and Liitkepohl (1999), how-
ever, this is actually the case if &, 3, and (2 are RR regres-
sion estimators based on (3.1). Thus, to be able to use the
preceding general framework to construct the LR-type test
based on (3.1), we have to show that the consistency re-
sults of Lemma 2.1 hold for the RR regression estimators
of a, 3, and Q) obtained from (3.1). This will be done in the
Appendix. Thus, testing the null hypothesis p* = 0 in (3.2)
by conventional methods of the multivariate linear model
gives both the LM-type and the LR-type tests discussed by
S&L. For convenience, the following test statistic assumes
an LM-type (or Wald-type) form, but the LR-type form is,
of course, asymptotically equivalent under the null hypoth-
esis.
Following S&L, we now introduce the test statistic

LM(ro) = tr{p* Miy,..p* (&' Qa1 )1},
where p* is the LS estimator of p* from (3.2) and

vvz= § Ut lvt 1

t=p+1

(3.3)

Lop
A Al
E 2tVs—1

t=p+1

T T -
> et ( > m;)
t=p+1 t=p+1
with 2, = [4}_;: A& _y: -+ A%y, ,4]". S&L also discussed
an asymptotically equlvalent variant of the preceding test
statistic obtained by deleting the regressor ;—; from (3.2).
We shall not consider this modification because it was found
to give very similar results in small samples.

The LR-type statistic based on (3.1) is obtained in the
usual way by solving the generalized eigenvalue problem
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det(TIM7II' — AQ) = 0, where IT is the LS estimator of I
obtained from (3.1), Q is the corresponding residual covari-
ance matrix, and

T T
~ N N - o/
Mr = E Te—1Zy_q — E Ti1AX, 4

t=p+1 t=p+1

T -1 o7
X ( Z AXt_lAX;_1> Z AXt_l.’i‘é__l
t=p+1 t=p+1
with AX,_, = [AZ]_, : - : A#y_,.,]'. Denoting the re-
sulting eigenvalues by A; > --- > A, the LR-type statistic
becomes
LR(ro) = Y log(1+4;). (3.4)

j=ro+1

Now we can state the following theorem, where B(s) is an
(n — ro)-dimensional standard Brownian motion.
Theorem 3.1. If Ho(rg) in (1.12) is true,

LM(ro), LR(ro) 5 tr { ( /0 1 B.(s) dB*(s)’)/

« ( /O " Bu(s)Bu(s) ds) B ( /O "B.(s) dB*(s)’) } ,

where B.(s) = B(s) — sB(1) is an (n — ry)-dimensional
Brownian bridge and dB,.(s) = dB(s) — dsB(1) is as
in theorem 2 of S&L and theorem 5.1 of L&S. Note
that [ B,(s) dB.(s) abbreviates [ B(s) dB(s) —
B(1) J; sdB(s)' — J; B(s) dsB(1)' + +B(1)B(1)".

The limiting distribution obtained in Theorem 3.1 is free
of unknown nuisance parameters and actually the same as
the one obtained by S&L and L&S in a model without any
dummy variables. Critical values are given in table 1 of
L&S. Thus, in our framework, including step dummies and
impulse dummies in the model and estimating their coeffi-
cients has no effect on the limiting distribution of the coin-
tegration tests. This is very convenient and contrasts with
the LR tests proposed by Johansen and Nielsen (1993). They
include dummy variables in the ECM for y; and show that
in this case the asymptotic null distribution depends on the
break point. Hence, a new set of critical values is required
for each break point. Our theorem extends previous results
of S&L who noticed that the limiting distribution of the
corresponding tests for models without dummy variables is
not affected by the limiting properties of the (GLS) estima-
tor of the mean parameter .

The preceding discussion also suggests that if the a pri-
ori restriction p; = 0 is employed in (1.1) and the GLS
estimation of Section 2 as well as the preceding test proce-
dure are modified accordingly, the limiting distribution of
the resulting test statistic is the same as in a model with-
out any deterministic terms—that is, the limiting distribu-
tion is obtained by replacing the Brownian bridge B.(s) in
Theorem 3.1 by the Brownian motion B(s). This situation
was also studied by S&L and, from the proofs given in the
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Appendix and in that article, it can be seen that the pre-
ceding conclusion actually holds. The same result can also
be obtained by replacing the GLS estimator considered in
this article by one proposed by Saikkonen and Luukkonen
(1997). This GLS estimation is similar to the one developed
in Section 2 except that the estimator A(L) is obtained by
ignoring the cointegration structure of (1.11) and applying
LS. Note, however, that, to the best of our knowledge, this
GLS estimation has not been studied in a model with a time
trend.

It may also be worth noting that seasonal dummy vari-
ables may be included in the model. They may be treated
in the same way as the other dummy variables. It can be
shown that including them does not change the asymptotic
properties of the tests. Seasonal dummies will be impor-
tant in the context of the application discussed in Section
5. The small-sample properties of our tests are considered
in Section 4.

4. SMALL-SAMPLE COMPARISON OF TESTS

We have compared the properties of the LR and LM
tests in a small Monte Carlo experiment. The simulations
are based on the following bivariate process z; from Toda
(1994, 1995), which was also used by L&S:

Tt = [7,/)1 0 ]2%—1 + &,

0 2
stwiidN<[8],[(1) H) @1

For ¢, = 12 = 1, a cointegrating rank of » = 0 is obtained.
In this case the process consists of two nonstationary com-
ponents that are independent for § = 0, whereas they are
instantaneously correlated for § # 0. The cointegrating rank
isT=11if ¢ = 1 and |¢;| < 1. Furthermore, the process is
I(0) with r = 2 if both 1; and 15 are less than 1 in absolute
value. Because the test results are invariant to the param-
eter values of the deterministic component, we use u; = 0
and 6; = 0 (¢ = 0,1) throughout. In other words, the de-
terministic part is actually 0. Thereby we can compare the
performance of our tests with other tests that do not allow
for shifts.

Samples of sizes 100 and 200 plus 50 presample values
starting with an initial value of 0 were generated. Thus, we
are not using zero initial values in the actual samples in con-
trast to the theoretical analysis of the previous sections. By
considering nonzero initial values, we are able to check the
robustness of the theoretical results to violations of the ini-
tial value assumptions. The number of replications is 1,000.
Rejection frequencies of the tests are given in Tables 1 and
2. They are based on asymptotic critical values for a test
level of 5%. The rejection frequencies are not corrected for
the actual small-sample sizes because such corrections will
not be available in practice. Comparing the power of tests
that have unknown size is of limited value from a practi-
cal point of view. Therefore, a minimal requirement for a
test is that it observes the selected significance level at least
approximately.
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Table 1. Relative Rejection Frequencies of Test Statistics for DGP (4.1)
With Cointegrating Rankr = 0 (1 = ¢z = 1), =0, T = 100,
Nominal Significance Level .05

Rank under Hy

Assumed Test

break point statistic ro=0 rp=1

None LRyohansen .060 .005
LRia .052 .002
LM .033 .003

To=Ty =25 LR .058 .009
LM .032 .012

To=Ty =50 LR .054 .009
LM .033 .008

To=T1 =75 LR .049 .007
LM .036 .012

For a given set of parameter values and a given sam-
ple size, the results for the test statistics are based on the
same generated time series. Hence, the entries in the ta-
bles are not independent but can be compared directly. Still,
for judging the results, it may be worth recalling that the
standard error of an estimator of a true rejection proba-
bility P based on 1,000 replications of the experiment is
sp = +/P(1 - P)/1,000 so that, for example, s 5 = .007.
It is also important to note that in the simulations the tests
were not performed sequentially. Thus, the results for test-
ing Ho(1): tk(II) = 1 are not conditioned on the outcome
of the test of Hy(0): rk(II) = 0.

In the tables the performance of the tests that allow for a
structural shift is compared to tests that allow for a linear
trend only and not for shifts in the deterministic term. Note
that in the literature on testing for a unit root, which may be
regarded as a special case of testing for cointegration, it is
a well-established fact that ignoring a structural change in
the DGP can lead to substantial distortions (e.g., see Perron
1989). Therefore, if a structural shift is suspected, one may
want to allow for it. Then the question arises, “What are
the implications of including a shift term if no shift has
occurred?” The answer to this question can be explored by
including tests that do not allow for a structural shift in
a comparison. The tests denoted as LR johansen, LR¢q, and
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LM,, are the appropriate LR and LM tests proposed by
Johansen (1995) and S&L for the latter situation. In Table
1, the true cointegrating rank is 0. Thus, the results for
testing Hy(0): tk(IT) = 0 give an indication of the actual
sizes of the tests for a nominal size of 5%. It is seen that the
location of the break point (7p,7;) does not matter much
for the size of the tests in samples with ' = 100. The
LM tests are generally a bit more conservative than the LR
tests. This also holds for the tests that do not allow for a
shift. In fact, whether or not a shift is accommodated does
not matter much for the sizes of the tests. All tests tend
to be very conservative if the rank is overstated in the null
hypothesis (see 7o = 1 in Table 1).

In Table 2 we focus on the case in which a possible break
occurs after three quarters of the sample. The location of the
break point turned out to have little impact on the test per-
formance. A break point closer to the end than to the begin-
ning of the sample as in the table is relevant in the context
of the empirical application of Section 5 and is therefore
considered here. A test of 7o = 0 shows the power of the
tests when [¢1] < 1. As expected, the LR tests have slightly
larger power than the corresponding LM tests because they
are less conservative. It is also seen that there is some gain
in power if the a priori information is used that there is ac-
tually no shift in the DGP. In other words, in terms of power
LRjohansen and LR;, outperform the LR and LM tests that
allow for a shift. Notice, however, that LM,, is less power-
ful than LR. Thus, it pays to use LR-type tests rather than
LM tests. Moreover, it is useful to take into account the
prior information of no shift if such information is avail-
able. In our particular DGP, the power is generally higher if
there is more residual correlation (6 = .8). Both tests that
allow for a shift tend to be conservative in checking the
null hypothesis ro = 1.

We have also performed the simulations with samples
of the size T' = 200. As expected, the power increases. The
tests still tend to be conservative for ro = 1, however. We do
not show the results because the marginal information con-
tent does not justify the additional space needed. In Section

Table 2. Relative Rejection Frequencies of Test Statistics for DGP (4.1) With Cointegrating Rank r = 0 (11 = 1)
or1 (1< 1), vz = 1, Sample Size T = 100, Break Point Ty = T; = 75, Nominal Significance Level .05

Y1 = 1.0 P = .95 P =.9 v =.8
Statistic ro = 0* rp=1* rp=0* rp=1* ro = 0* rg=1* ro = 0* rp=1*
6=0
LRyohansen .060 .005 .068 .007 .098 .008 .292 .024
LR¢a .052 .002 .065 .007 104 .030 313 .047
LM .033 .003 .044 .008 .075 .018 .253 .042
LR .049 .007 .056 .015 .092 .019 .289 .044
LM .036 .012 .045 .012 .063 .030 218 .047
0=.8
LR johansen .060 .005 .155 .012 421 .040 .940 .065
LR¢a .0562 .002 147 .011 .396 .017 .828 .031
LM .033 .003 113 .006 .326 .016 778 .030
LR .049 .007 125 .014 .355 .017 793 .031
LM .036 .012 .056 .018 .294 .020 .735 .029

* Rank specified in the null hypothesis.
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5, we will apply our new tests to analyze the cointegrating
ranks of actual economic systems.

5. GERMAN MONEY-DEMAND SYSTEMS

Based on a single equation analysis of Wolters, Teras-
virta, and Liitkepohl (1998), Liitkepohl and Wolters (1998)
constructed a small macroeconomic model to investigate the
channels of German monetary policy. They built a vector
ECM for M3, GNP, an inflation rate, an interest-rate spread
variable, and import-price inflation. In a demand relation
for M3, GNP is a proxy for the transactions volume, the
inflation rate and the interest-rate spread are opportunity-
cost variables, and the import-price inflation is included as a
measure for the real exchange rate to account for the open-
ness of the German economy. The variable M3 is used to
measure the money stock because it used to be the target
variable of the Deutsche Bundesbank in executing its mon-
etary policy. The interest-rate spread and the import-price
inflation variables turned out to be stationary, whereas the
other three variables were found to be I(1) in the aforemen-
tioned studies. Therefore, we shall first focus on M3, GNP,
and the inflation rate in the following and investigate the
number of cointegration relations among these variables.
For illustrative purposes, we will then add the interest-rate
spread to the system to check whether a further cointegra-
tion relation is found by the tests.

We use quarterly, seasonally unadjusted data for the pe-
riod 1975 to 1996 as used by Liitkepohl and Wolters (1998).
The initial period was chosen because the Bundesbank
started its policy of monetary targeting in 1975. Specifi-
cally the following variables are used: m, represents the
logarithm of real M3, gnp; is the logarithm of real GNP,
r, is the difference between the average bond rate and the
own rate of M3, and p; is the logarithm of the GNP defla-
tor; hence, Ap; is the inflation rate that will be used here. In
other words, the two systems of variables considered in the
following cointegration analyses are y; = (my, gnp;, Ap;)’
and y; = (my,gnp:, Apt,7¢)’. The data sources are given
in Appendix B. The variables are plotted in Figure 1. Ob-
viously, m. and gnp, have clear shifts in the third quarter
of 1990. These shifts are due to the German reunification.
Note that, although the political reunification took place in
October 1990, the monetary unification occurred already on
July 1, 1990. Since then, all variables refer to the unified
Germany and, hence, the shift in the third quarter of 1990
is quite natural.

If the full sample is used in the following, the structural
shifts in m; and gnp; in 1990 have to be taken into account.
Therefore, Liitkepohl and Wolters (1998) and Wolters et al.
(1998) included a shift dummy d;; = O until the second
quarter of 1990 and d;; = 1 afterwards. They also included
an impulse dummy do; = 1 in 1990(3) and O elsewhere.
We will use these dummy variables in our analysis as well.
Because m; and gnp; potentially have a deterministic trend
term, we also include a linear trend in the models. In ad-
dition we also need seasonal dummy variables for some of
the series because our data are not seasonally adjusted and
have quite pronounced seasonal components (see Fig. 1). In
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Figure 1. Time Series Analyzed.
the following, we will estimate the parameters associated
with the seasonal dummy variables by the GLS procedure
described in Section 2 for the other parameters of the de-
terministic part of the model. Then y, is adjusted for all
deterministic terms including the seasonal terms to get ;.
Before we perform a cointegration analysis, some com-
ments on the integration properties of the individual vari-
ables are in order. They were investigated by Wolters et al.
(1998), who applied augmented Dickey—Fuller (ADF) tests
using only preunification data until 1989(4). Based on the
reduced observation period, m;, gnp;, and Ap; were found
to be I(1), whereas there was evidence of r; being 1(0). For
the extended sampling period until 1996(4), we have con-
firmed these results for Ap; and r;. Conventional ADF tests
may be used for these variables because they do not have
a shift due to the unification. On the other hand, the shift
in m; and gnp; has to be taken into account in unit-root
tests. Therefore, we use our new tests for this purpose by
checking Hy: rk(II) = 0 against Hy: rk(IT) = 1 for the
individual series. The results are shown in Table 3. In the
table we also give results for the preunification period un-
der the assumption that no shift has occurred in that period.
Two different autoregressive orders are considered, and it is
seen that the results are robust with respect to the order. In
none of the cases can the unit root be rejected. Thereby the
preunification results are also confirmed for these series.
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Table 3. Unit-Root Tests for German M3 and GNP Data

Sample period Autoregressive

Variable (deterministic terms) order LR* LM

m; 1975(3)-1990(2) (T = 60) p=2 1.07 1.04
1975(3)-1990(2) (T = 60) p=4 95 95
(seas. dummies, lin. trend)
1975(3)-1996(4) (T = 86) p=2 245 244
1975(3)-1996(4) (T = 86) p=4 2.78 2.68
(seas. dum., lin. trend, dot, dit)

gnpt 1975(3)-1990(2) (T = 60) p=2 142 1.44
1975(3)-1990(2) (T = 60) p=4 1.06 1.07
(seas. dummies, lin. trend)
1975(3)-1996(4) (T = 86) p=2 2.03 2.08
1975(3)-1996(4) (T = 86) p=4 1.13 1.10

(seas. dum,, lin. trend, do;, di})

* Critical values: 6.83 (5%), 5.43 (10%) (from table 1 of L&S).

We have also checked for seasonal unit roots using only
preunification data. There is some evidence for a possible
root at the semiannual frequency in gnp;, as well as for
roots at the annual frequencies in gnp; and Ap;. On the
other hand, no seasonal unit roots are found in m;. Of
course, r; does not have a seasonal component (see also
Fig. 1). Thus, the seasonal structure of the series seems to
be quite different. Still, the possibility of seasonal cointe-
gration between gnp; and Ap, cannot be excluded on the
basis of these results. Nevertheless, we ignore this poten-
tial problem in the following analysis, which is meant to
illustrate our new tests. Clearly, we are far from having a
suitable framework for analyzing seasonal cointegration in
the presence of structural shifts [see Johansen and Schaum-
burg (1999) for a discussion of seasonal cointegration].

In Table 4 the results of various cointegration tests for
the three-dimensional system are provided. They are based
on models of order p = 2, which was also used by Wolters
et al. (1998). This order is recommended by the Hannan—
Quinn criterion (HQ). Seasonal dummies and linear-trend
terms, as well as do; and di¢, are included as deterministic
terms in all models for the full sampling period. In addition
to tests for the full period, we also give results for the pre-
unification period using data up to 1990(2) only. In these
tests the dummies d;; (¢ = 0,1) are not included. Obviously,
one cointegration relation is found regardless of the obser-
vation period. Moreover, for common significance levels
both versions of the tests clearly reach the same conclusion
regarding the cointegrating rank. Still it is pleasing that the
new tests enable us to use the full-sample information.

Table 4. Cointegration Tests for Three-dimensional
System (my, gnpy, Apt)

1975(3)-1990(2)  1975(3)-1996(4)

Critical values* (T = 60) (T = 86)
Hy 90% 95% LR LM LR LM
=0 2590 2847 3894 2963 5271 4255
n=1 1389 1592 2.39 2.36 5.56 5.73
=2 5.43 6.83 63 33 1.26 157

* From table 1 of L&S.
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Table 5. Cointegration Tests for Four-Dimensional
System (my, gnpt, Apy, rt)

1975(3)-1990(2)  1975(3)-1996(4)

Critical values™* (T = 60) (T = 86)

Hop 90% 95% LR LM LR LM
=0 42.03 4513 55.21 43.13 78.28 65.33
n=1 25.90 28.47 15.62 14.18 30.31 28.21
=2 13.89 15.92 3.00 2.99 4.94 5.05
n=3 5.43 6.83 .74 .21 1.34 2.21

* From table 1 of L&S.

A similar analysis was also performed for the four-
dimensional system y; = (m¢, gnpt, Aps,7:)’. The results
are given in Table 5. The VAR order of 2 is chosen because
it was also used for the three-dimensional system, although
HQ now recommends a VAR order of 1. Because r; was
found to be stationary in the univariate analysis, one would
expect to find a cointegrating rank of 2 for the present sys-
tem, the second “cointegration relation” consisting of the
stationary variable only. It turns out, however, that tests
based on the preunification period clearly indicate a co-
integrating rank of 1. It may be worth noting that the same
result is obtained with the corresponding Johansen LR test.
Extending the sample period to 1996, however, and includ-
ing the shift dummy variables dy; and d;; in the system,
the expected cointegrating rank of 2 is found. Thus, the re-
sult for the shorter sampling period may be due to reduced
power, and in this case it clearly pays to take full advantage
of the available data. Interestingly, in this case the LM ver-
sion of our test strictly speaking rejects one cointegration
relation only at the 10% level although the test value is close
to the 5% critical value. In contrast, the LR version rejects
at the 5% level. This result reflects the reduced power of
the LM tests found in the simulations of Section 4.

6. CONCLUSIONS

In this study we have proposed and applied tests for the
cointegrating rank of a system of variables in the presence
of structural shifts. Under the assumption that the break
point is known a priori, we suggest estimating the determin-
istic part of the DGP first, subtracting the estimated deter-
ministic part from the original series, and then performing
standard systems cointegration tests for the adjusted series.
We have considered LR- and LM-type tests in this context
and find that they have asymptotic null distributions that are
tabulated elsewhere in the literature and do not depend on
the break point. Hence, the tests are conveniently applied
without the need for simulating new critical values. In a
small simulation study, it is found that the LR versions of
the tests tend to have more power than the LM versions.
Therefore, the use of the LR-type tests is proposed. For
illustrative purposes, the tests are applied to two systems
of German macroeconomic variables that may be thought
of as money-demand systems. It is found that taking into
account the level shift in some of the series is necessary
for proper inference regarding the cointegrating rank of the
system.
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APPENDIX A: PROOFS

In the following proofs we will skip some of the details
to save space. They can be found in the discussion-paper
version of the article, which is available on request from
the second author.

Proof of Lemma 2.1

It is not difficult to see that assuming u; and §; to be
0 (i = 0,1) does not imply a loss of generality so that in
(1.11) the true values of v, 7,0, and 7,; are also all 0 and
y¢ = x; can be assumed. Define

.Xt = [y;_lit - 1Zd17t_1],
Zyy = [13AZ/£—13"‘3Ay£—p+1]’
th = [dOtZ e Zdoyt_pi Adlt: LI Adl,t—p+1]/

and set Z; = [Z1,: Z4,]'. Then we can write Equation (1.11)
as

Ayt=aw’Xt+<I>Zt+6t, t:p+1,p+2,, (Al)

where ¢’ = [§": —7: —0],® = [®1: &3] with &; = [v: Ty :
see Fp—l]v and @2 = [’700 HERRN ’YOp: Y10 ¢ vt ’714,_1]. The
RR regression estimators of «, 1, and €2 can be obtained as
follows. Define

T
S;j=N"! Z Ry R}y,

t=p+1

i, =01,

where N = T — p and Ry; and R;; are the LS residuals
obtained by regressing Ay; and X; on Z;, respectively. As
is well known, the RR regression estimator of 1 is based on
the eigenvectors corresponding to the r largest eigenvalues
of the determinantal equation
[AS11 — 810850 -So1]| =0 (A2)
(e.g., Johansen 1995, chap. 6, or Liitkepohl 1991, ap-
pendix A.14). When the RR regression estimator of
is available, those of o and ) are obtained by replacing
¥ by its estimator in the formulas Sp19(v'S119)~! and
Soo — 501¢(w’511¢)‘1¢’510, I‘CSpCCtiVCly. Recall that we
have assumed that all impulse dummies in (1.11) are lin-
early independent so that Sy is nonsingular and the pre-
ceding estimators are well defined.
In the same way as in the proof of lemma 13.1 of Jo-
hansen (1995), we now transform Equation (A.2). To this
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end, we define the matrix

B TV28.(8 6.)"" © 0
Ar= 10 0 T 0
0 0 0 TY?2/(T-T)Y?

Pre- and postmultiplying (A.2) by A% and Ar, respectively,
gives

det(AALS11 AT — ApS10S50 So1 AT) = 0. (A.3)

The eigenvalues of (A.2) and (A.3) are identical and the
eigenvectors of (A.3) are obtained from those of (A.2) by
premultiplying by A7'. The next step is to study the weak
limit of (A.3). For ease of exposition and without loss of
generality, we shall assume that the initial values of x; are
such that §'z, and Az, are stationary.

Next note that

Soo = Soo + 0p(1) and So1Ar = So1 A7 + 0,(1), (A4)

where Syo and Sy, are analogs of Sy and Sp;, respectively,
obtained by omitting Z,; from (A.1) (i.e.,, Z; = Zy;). The
proof of (A.4) is a straightforward consequence of well-
known limit theorems and the fact that Z,; is a vector of
impulse dummies.

From (A.4) we can conclude that the asymptotic behavior
of the latter matrix in (A.3) is similar to that in the conven-
tional model without any dummies. Thus, in the same way
as Johansen (1995, pp. 158, 180), we find that

-1
AS10S55- So1 Ar [ Zﬁozgo Zos 8 ] ,  (AS)

where Xgo and Yog are conditional covariance matrices de-
fined by

Az 5y
cov ’ t lA.Tt_l,.. "Awt—p+1 — 00 08 .
Bzt a0 Tas

Next we have to consider the asymptotic behavior of the
matrix A%.S11Ar. For this purpose we note that

B'ye—1
T_l/z(,@i,@L)_lﬂj_yt—l
{I’Xt = T—l(t _ 1) y (A.6)

1/2
(T%%p;) dit-1

where y; = x; can be assumed. It appears convenient to
analyze separately the cases in which a; <1 and a; =1 in
(1.8).

a, < 1. If a; < 1, we can proceed in the same way as
in the case of (A.4) and show that A%.S11Ar = A’TS'HAT +
0p(1) with 51 defined by omitting Zs; in the same way as in
Soo and Sp;. Because we may assume that y; = x, the weak
limit of A%.S1; Ar can be obtained by arguments similar to
those used in the conventional case (see Johansen 1995, pp.
158, 180). It is first easy to check that the matrix A%.S11 A7
is asymptotically block diagonal with the (r x r) block in
the upper left corner converging in probability to Xg5. To
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obtain the weak limit of the lower right corner, let W(s) be
an n-dimensional Brownian motion with covariance matrix
(2, denote by I(-) the indicator function, and let [c] be the
integer part of c. From the multivariate invariance principle,
we then find that

T8 zrg—1

T-Y([Ts] - 1)
1/2
(T—LTl) dl,[Ts]—l
BLCW(s)
4 s L a(s), (A7)

(1—a1)"2I(s > a;)

where convergence is in the Skorohod topology of D[0, 1].
Hence, we can conclude that

AZgs 0

AALSAr S _
g 0 X[} G(s)G(s) ds

, (A8)

where G(s) = G(s) — fol G(u) du (cf. Johansen 1995, pp.
158, 180).

Now, let ¥ = [Bé, —7,—6]' be the (normalized) RR re-
gression estimator of ¢ described previous to (A.2). In the
same way as Johansen (1995, p. 180), we can then use (A.5)
and (A.8) to conclude that

I. I
~ T3, Be o (Tl)
-1 _ _ p
AT ,"/) - _T,7~_/ - 0,,(1) ) (A9)
_ (L’—T_TL)I/251 op(1)

where the first equality follows from the definitions of Ar
and 1/; This shows that the estimators ¢, 7, and 6 are consis-
tent of orders o,(T~'/2),0,(T~1), and o0,(1), respectively.
(Recall that the true values of 7 and  are 0.) From these re-
sults, it is further straightforward to show that &, I';, and
Q) are also consistent (cf. Johansen 1995, p. 181). Before
strengthening the preceding consistency results to the re-
quired form, we shall briefly discuss similar intermediate
results in the case a; = 1.

a, = 1. If a; = 1, the previous derivation of (A.8) fails
because the limit in (A.7) is not defined. Using arguments
similar to those used to prove (A.4) and (A.8), however, it
can be shown that instead of (A.8) we now have

A5 0 0
MESuAr S| 0 AfIGi(s)Gi(s)'ds 0 :
0 0 A1-¢?)

(A.10)
where 0 < ¢; < 1 and G1(s) = G1(s) — fol G1(u) du with
G1(s)((n—7+1) x 1) defined by the first n —r + 1 compo-
nents of G(s). Thus, because we still have (A.5), the only
difference between the present case (a; = 1) and the previ-
ous one (a; < 1) is that the weak limit of AA7.S11 Ay differs
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from its previous counterpart obtained in (A.8). This, how-
ever, does not affect the arguments used to derive (A.9),
which therefore hold in the present context as well. This
implies that B¢ and 7 are consistent of the same orders as
previously but, because 73/7 — 1, nothing can be con-
cluded about the consistency of §. Fortunately, however,
the consistency of ég,T';, and Q) can still be proved in the
same way as before. To see this, note that ¢ and T'; can be
obtained by LS from the auxiliary regression model

p—1
Aye = o Ar Xy + v+ Y Tilye; + 832 + error,
j=1

t=p+1,...,7, (A.1ll)

where ¥ = A;IJ). Because A7'y = [I,: 0], ¥ is a consis-
tent estimator of A:,ild) [see (A.9)]. This consistency result
and results about the second sample moments of the vari-
ables in the auxiliary regression model (A.11), used to show
that (A.5), (A.8), and (A.10) hold, can be used to prove the
consistency of the estimators & and I'; (and also 7). Af-
ter this, the consistency of ) can be proved in a standard
fashion.

To complete the proof, we have to establish the stated
orders of consistency. Define

TP Be
T3/2%/
(T _ Tl)l/zé/

Ur = ((n—r+2)xr).

First, we wish to show that Uy = O,(1), which implies
that T (8¢ — B) = Op(1). Define the ((n +2) x (n —r +2))
matrix

BL(BBL)™ 0 0
Br = 0 T-1/2 0
T

0 0 @7

and notice that the matrix Ay can be written as Ar = [b:
T-12Br] with b = [8' 0 0]'. Because Ur is formed by
the last n —r + 2 rows of T'/2 A% (¢ — 1), it follows from
the preceding definitions that (cf. Johansen 1995, p. 179)
Y —1 =T " BpUr. Using the first-order conditions for ¥,
the result Uy = O,(1) and, hence, B¢ = 8+ O,(T~') can
now be established. Details, based on results of second sam-
ple moments already used in previous steps of the proof, are
very similar to those of Johansen (1995, p. 182). Moreover,
because Ur = Op(1) implies that 17 in (A.11) is a consis-
tent estimator of A7'y of order O,(T~'/2), the remaining
orders of consistency are straightforward to establish by
considering the LS estimators obtained from (A.11). This
completes the proof of Lemma 2.1.

Remark A.l. (a) From the proof it is also possible to
derive the limiting distributions of & and 3¢ and thereby
similar results for other normalizations. The limiting distri-
bution of f¢ is mixed normal, but its explicit form differs
for the cases a1 < 1 and a; =1 [cf. (A.8) and (A.10)].
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(b) From the proof it can also be seen that 7 — 7 =
O,(T~%/?) and 6 — 6 = O,((T — T1)~/?). Because 7 =
ﬂ’ py and 6 = ('6y, these results may be viewed as RR
analogs of (2.9) and (2.7).

Proof of Theorem 2.1

Because all relevant quantities will be invariant to nor-
malizations of & and (3, we can assume that some kind
of normalization has been imposed so that, by Lemma
2.1, we can also assume that & = a + O,(T~/?) and
B=0+0,(T71).

Using the definitions, we first note that explicit forms of
the variables H;; and K;; (i = 0,1) in (2.3) are given by

In, =1
jJOt= In—zz;llflj, t=2,...,p ,
—af, t=p+1,....,T
I, t=1
Hy=3 th-Y (- DA, t=2,...p
U - (t—1)af, t=p+1,...,T
0, t<Tp
- I, t =T
KOt: n”’ 0 . . ]
—Ajy t:T0+J7 lev,p
0, t=To+p+1,...,T
and
0, t<Th
};{, In, t=T1
e I”_Z;;TIAJ’ t=T1+13,T1+p_1 ‘
—ap, t=Ty+p,...,T

The proof is based on ideas similar to those used in the
proof of theorem 1 of S&L.

Define
T %o
H= e | T BL6:
Yi3 Biﬂo
and
Yoy 76,
Yoo Ao
X = 2 N 5’#1
To3
Doy Biﬂl

The idea is to first obtain asymptotic properties of the LS
estimator of the “parameters” 7, and 7, and then use theo-

rem 1 of S&L to derive the stated results To express (2.3)
in terms of 7, and v,, we transform the variables H;; and

K; accordingly and define
Fllt = Qlkm
Fioy = QKuBL(B.5L)7!
Fise = Q'HuBL(B) A1)~
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and

Fy =
Fyy =

Fos = Q'Hy,B(B'5)1

Foyy = QHyB1(BLBL)™
Then, settingj‘u = [ﬁ‘m : Floy F~‘13t] and Fy, = [Fglt :
Foop @ Fagy : Fog), we can write (2.3) as
dy = Q' A(L)y: = Fu’ll + F2t12 + Nt
t=1,...,T. (A.12)

From the definitions, it follows that F}, takes nonzero val-
ues only for a fixed number of time indices ¢.

We shall next study the sums of cross-products between
Fi; and the error term ¢, which is identical to its counter-
part in S&L. Thus,

= QI& - Qld(é - »3)'2%-1

p—1
-Q@-a)fz-Q Y (T;-T;)Az_;. (A13)

j=1

Using this expression, Lemma 2.1, and the previously men-
tioned property of Fi,, it can be seen that

Z Fiime = 0,(1). (A.14)
For F, the corresponding result is
T ~
Y71 ) Fme = 0,(1) (A.15)
t=1

where Y;' = diag[(T — Ty)~Y21 : T-Y/2] . T-3/2] .
T~'/2]] and the partition is conformable to that of Fy.
To justify (A.15), note first that for Fho;, Fhat, Fat the re-
sult is obtained directly from S&L. When (1.8) holds with
ay < 1, (A.15) can be justified for Fy;; in the same way as
for Fyy, because Fhyy = Fy 11,41 for t > Ty and O for
t=1,...,7y — 1. If (1.8) holds with a; = 1, the desired
result can be obtained by using arguments similar to those
that can be used to obtain (A.10).

The next step is to show that the standardized moment
matrix of the auxiliary regression model (A.12) converges
in probability to a positive definite limit, which in conjunc-
tion with (A.14) and (A.15) shows that 4, and %,, the LS
estimators obtained from (A.12), satisfy

¥, =7 +0x(1) and Tr(%, Op(1). (A.16)
The derivations needed are based on Lemma 2.1 and argu-
ments similar to those used by S&L.

Because the LS estimators 4. and 4, are obtained by re-
placing the parameters 1; and é; in the definitions of 7, and

) =
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Y, by the LS estimators /; and 3,-, respectively, it follows

from (A.16) that 4; = O,(1) and §; = O,(1) (i = 0,1).
From this and Lemma 2.1, one obtains (2.4)~2.9) in the
same way as in the proof of theorem 1 of S&L. For exam-
ple, (2.7) follows from

B —8) = F1-8)-(B-6) (61 ~8)
= 0,((T —T1)7/2) + Op(T71).
As to the proof of (2.10), it is possible to use the defini-

tions of Fy; and Fy; and again reduce the problem to that
considered by S&L. Thus the proof is complete.

Proof of Theorem 3.1

We shall only give an outline of the proof because de-
tails are similar to those of S&L and L&S. First note the
identity

2y = — (fio — po) — (1 — pa)t
— (60 — 0)dot — (81 — 61)d1s, (A.17)

which, in conjunction with the assumed consistency proper-
ties of the estimators 3, &, and Qa as well as the consistency
results of the estimators /i; and 4; (i = 0,1) obtained from
Theorem 2.1, will be central in the subsequent derivations.
Using these arguments, one can show that

T
N7' 3" 28 = B(zizl) + 0p(1),

(A.18)
t=p+1
T
N=32 N 20,y = op(1), (A.19)
t=p+1
and
T
N72 3" ity
t=p+1
T
=T Y [Braoe1 — Bl — p)(E—1)]
t=p+1
X [BL@e—1 = B (1 — p1)(t = D] +0p(1), (A20)
where z; = [z}_;8 : Axj_; : --- @ Az;_,.,4]" and the

first term on the right side of (A.20) converges weakly to
B,CQV2 [ B.(5)Bu(s) dsQ/2C'By [cf. lemma A (ii) of
S&L]. These results can be justified in a straightforward
manner by using (A.17) and the consistency properties of
the associated estimators. To give a heuristic explanation,
note that L&S and S&L obtained (A.18)—(A.20) in a model
without any dummy variables. In that case the effect of the
estimator jig on the left side of (A.18)—(A.20) is asymptot-
ically negligible. Thus, when a; < 1 in (1.8), the proper-
ties of the estimator d; are similar to those of /iy so that it
should be clear that the effect of the estimator 4, on the left
side of (A.18)~A.20) is also asymptotically negligible. For
the impulse dummy dp;, this is clear in any case because
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bo — &g = Op(1). When a; = 1 in (1.8), the step dummy
d1; behaves very similarly to the impulse dummy do;, which
explains (A.18)—(A.20) in this case.

Next, note that the error term e; in (3.1) has the repre-
sentation

er = e —af (-1 — T—1) + Ay

p—1
- A.Tt - ZI‘J(Aj:t_] — AJ?t_j)

=1

I

¢ + af' (fio — po)
+ o' (g — p1)(t — 1) = (1 — )
+ af (o — 8o)do,e—1
¥4
+ (00 — d0)Ado — Z I';(00 — d0)Ado,¢—;
j=1
+ 01)6,(81 —01)d1,t—1
¥4
+ (01 — 61)Adye — Y T5(6y — 61)Ady e ;.
j=1

The part of the last expression not involving dummy vari-
ables appeared in the work of L&S and S&L, where it was
shown that in this case

T
-1 N * ~
N E 1€} Oy

t=p+1
T
= N Z (B w1 = B (B — pa)(t — 1)]
t=p+1
x ey C'BL — (i — 1) BL](BLBL) 1B W ay
+ Op(l). (A21)

Using (A.17) and the consistency properties of the involved
estimators, it can similarly be shown that (A.21) holds in
the present context. A heuristic explanation can again be
obtained by observing that the effect of the estimator o on
the left side of (A.21) is asymptotically negligible so that,
given the properties of the estimators &y and 4y, the same
happens also when the impulse dummy dy; and the step
dummy d,; are included in the model.
Arguing as in (A.18)—(A.21), it can also be shown that

T
N7Y2 N sef ay = 0p(1)
t=p+1

[cf. (A.12) of L&S]. Thus, from (A.18)—(A.22) it follows
that we have reduced the problem to that in L&S and S&L
so that the stated limiting distribution can be obtained in
the same way as in these works.

(A.22)

To see that the RR regression estimators of «, 3, and
2 based on (3.1) have the consistency properties stated in
Lemma 2.1, we first note that results entirely similar to
those in lemmas A3 and A4 of S&L also hold in the present
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context. In the former case we have to show that the asymp-
totic behavior of the second sample moments of 3'%;, Ay,
and 3 &, are similar to those of 'z, Azs, and 5 s ex-
cept that the weak limit of the matrix of second sample
moments of 3| & is the same as was obtained in (A.20).
Using (A.17) and Theorem 2.1, it is straightforward to show
that this is the case and, because the estimation of ug did
not affect the previous results, this is also fairly obvious
by the heuristic argument used previously. In the case of
lemma A4 of S&L, we have to show that the second sam-
ple moments between [Z;3 : AZ},_,] and e; in (3.1) are of
order O,(T~%/2) (i = 1,...,p), whereas the second sample
moments between 3 #;_; and e; are of order Op(1). Using
the representation of e; given previously and the same argu-
ments as in the preceding case, it can be seen that this result
also holds in the present context. After this we can show
that the RR regression estimators of «, 3, and 2 based on
(3.1) have the desired properties. The argument is the same
as in lemma A.5 of S&L or lemmas 13.1 and 13.2 of Jo-
hansen (1995).

APPENDIX B: DATA SOURCES

Seasonally unadjusted quarterly data for the period from
the first quarter of 1975 to the fourth quarter of 1996 (88
observations) were used for the following variables taken
from the given sources. The data refer to West Germany
until 1990(2) and to the unified Germany afterwards.

Price index: GNP deflator (1991 = 100) from Deutsches
Institut fur Wirtschaftsforschung, Volkswirtschaftliche Ge-
samtrechnung. The variable p is the logarithm of the price
index.

M3: Nominal monthly values from Monatsberichte der
Deutschen Bundesbank; the quarterly values are the values
of the last month of each quarter. The variable m is log
M3 —p.

GNP: Real “Bruttosozialprodukt” quarterly values
from Deutsches Institut fur Wirtschaftsforschung, Volks-
wirtschaftliche Gesamtrechnung. The variable y is log GNP.

Average bond rate (Umlaufsrendite) (R): Monthly values
from Monatsberichte der Deutschen, Bundesbank; the quar-
terly value is the value of the last month of each quarter.

Own rate of M3 (rm): The series was constructed from
the interest rates of savings deposits (rs) and the inter-
est rates of three-months time deposits (rt) from Monats-
berichte der Deutschen Bundesbank as a weighted average
as follows:

rm =

24rt + 42rs for 1976(1)~1990(2)
30rt +.33rs for 1990(3)-1996(4)

The weights are chosen according to the relative shares of
the corresponding components of M3. The quarterly value
is the value of the last month of each quarter.

Interest rate spread: r = R — rm.

[Received October 1998. Revised November 1999.]
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